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ABSTRACT 
 
In this paper, anisotropic strain rate potentials based on linear transformations of the 
plastic strain rate tensor were reviewed in general terms. This type of constitutive 
models is suitable for application in forming simulations, particularly for finite element 
analysis and design codes based on rigid plasticity. Convex formulations were proposed 
to describe the anisotropic behavior of materials for a full 3-D plastic strain rate state (5 
independent components for incompressible plasticity). The 4th order tensors containing 
the plastic anisotropy coefficients for orthotropic symmetry were specified. The method 
recommended for the determination of the coefficients using experimental mechanical 
data for sheet materials was discussed. The formulations were shown to be suitable for 
the constitutive modeling of FCC and BCC cubic materials. Moreover, these proposed 
strain rate potentials, called Srp2004-18p and Srp2006-18p, led to a description of 
plastic anisotropy, which was similar to that provided by a generalized stress potential 
proposed recently, Yld2004-18p. This suggests that these strain rate potentials are 
pseudo-conjugate of Yld2004-18.  
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1. INTRODUCTION 
 
In order to represent the rate-insensitive plastic behavior of materials 
phenomenologically, it is typical to use a yield function (for a yield surface), the 
associated flow (or normality) rule and a hardening law. The first two express 
anisotropic relationships between the stress and plastic strain rate components at a given 
material point (in terms of a parameter representing the accumulated plastic strain). The 
yield function φ  gives the stress at which yielding occurs for a given stress state, and 
its gradient (the normal to the yield surface at the loading point) gives the direction of 
the plastic strain rate εɺ ; i.e., 
 
φλ ∂=
∂
ε
s
ɺɺ
 (1) 
 
where s is the stress deviator and λɺ  is a proportionality factor necessary to scale the 
strain rate. The hardening law expresses the evolution of the yield surface. 
 
Ziegler (1977) and Hill (1987) have shown that, based on the plastic work equivalence 
principle, a meaningful strain rate potential can be associated with any convex stress 
potential (or yield surface). Therefore, an alternative approach to describe plastic 
anisotropy is to provide a strain rate potential ψ, which is expressed as a function of the 
traceless plastic strain rate tensor εɺ , while its gradient leads to the direction of the 
stress deviator s; i.e., 
 
ψµ ∂=
∂
s
εɺ
 (2) 
 
In Eq. (2), µ  is a proportionality factor necessary to scale the stress deviator (and its 
value is related to the reference stress such as the uniaxial stress in a particular direction, 
according to the plastic work equivalence principle). This approach based on the strain 
rate potential was applied for FCC single crystals (Fortunier, 1989) and BCC 
polycrystals (Arminjon and Bacroix, 1991; Arminjon et al., 1994; Van Houtte, 1994; 
Hiwatashi et al., 1997; Van Bael and Van Houtte, 2002; Van Houtte and Van Bael, 2004) 
since a resulting plastic strain rate potential numerically obtained using crystal plasticity 
can be conveniently approximated by a suitable function. Plastic (strain rate) potentials 
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based on crystallographic texture functions were also used in finite element simulations 
of forming processes (Bacroix and Gilormini, 1995; Szabó and Jonas, 1995; Hu et al., 
1998, Zhou et al., 1998; Li et al., 2001). 
 
While the development of stress potentials has been diverse, that of strain rate potentials 
has been rather inactive with little interest. One reason is that their analytical 
expressions are very difficult or impossible to obtain as conjugate (dual) quantities of 
stress potentials, utilizing the equivalence of plastic work rate. A few simple 
descriptions such as Mises, Tresca, Hill’s old (1948) and a special case of Hill’s new 
(Hill, 1979) potentials are exceptions. Nevertheless, in an effort to develop the 
phenomenological description of plastic behavior for textured polycrystals, Barlat and 
his colleagues have proposed a series of stress and strain rate potentials suitable to 
characterize plastic anisotropy for plane stress and full (3-D) stress states. None of these 
stress and strain rate potentials are strictly conjugate (dual) of each other but it was 
observed that some pairs are pseudo-conjugate** because they lead to very similar 
plastic behavior. The stress-based potentials are useful especially for elasto-plastic 
formulations, while the strain rate potentials are convenient to use for rigid-plastic 
formulations (the effort to numerically derive strain rate potentials from stress potentials 
for rigid-plastic formulations can be found in the work by Zhou and Wagoner (1994)).    
 
Barlat et al. (1991) developed the stress potential Yld91 for general stress states, which 
was applied for elasto-plastic finite element analysis by Chung and Shah (1992) and 
Yoon et al. (1999a; 1999b). Later, the strain rate potential Srp93 (Barlat and Chung, 
1993; Barlat et al., 1993), which is the pseudo-conjugate of Yld91, was developed for 
application to process design (Barlat et al., 1994; Chung et al., 1997) as well as process 
analysis (Chung et al., 1996; Lee et al., 1997; Yoon et al., 1995; Ryou et al., 2005), 
based on rigid-plastic formulations. In its application, the ideal forming theory (Chung 
and Richmond, 1992a; Chung and Richmond, 1992b; Chung and Richmond, 1994; 
Chung et al., 2000) was utilized for process design based on the deformation theory 
(Chung and Richmond, 1993) under the one-step backward formulation, while the 
incremental deformation theory was utilized for process analysis based on minimum 
plastic work paths under the updated Lagrangian forward multi-step formulation.  
 
The potentials Yld91 (stress) and Srp93 (strain rate) are valid for orthotropic anisotropy 
and, for sheet forming applications, they use either uniaxial flow stresses or r values 
(width-to-thickness plastic strain rate ratios in uniaxial tension) for the identification of 
anisotropy coefficients. In order to use both flow stresses and r values simultaneously, 
the stress potential Yld96 (Barlat et al., 1997) and the strain rate potential Srp98 (Chung 
                                            
**
 The terminology is rather loose here since there is no rigorous mathematical 
relationship between the pairs except the commonalities in the non-quadratic nature and 
the number of anisotropic coefficients.     
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et al., 1999) were developed. The stress potential Yld96 was applied for the analysis of 
earing profile in the cylindrical cup drawing of 2008-T4 (Yoon et al. 1998) and 2090-T3 
(Yoon et al. 2000) aluminum alloy sheet samples. For processes design, the potential 
Srp98 was applied to the optimization of a convoluted initial blank shape for the 
purpose of reducing the earing percentage in cup drawing (Yoon et al., 1999), and also 
for the optimization of the hydroforming process (Yoon et al., 2002; Chung, 2004). 
These potentials, Yld96 and Srp98, were shown to improve the accuracy of predictions 
compared to Yld91 and Srp93.  
 
Although Yld96 and Srp98 were able to describe the plastic behavior of sheet metals 
accurately, their convexity was not rigorously proven. Moreover, their mathematical 
forms were not convenient for implementation into finite element codes. Therefore, the 
stress potential Yld2000-2d was proposed (Barlat et al., 2000, 2003) for the plane stress 
condition with rigorous proof of convexity. The stress potential Yld2000-2d is based on 
two linear transformations of the stress deviator and contains 8 anisotropy coefficients. 
Therefore, it can account for the flow stresses ( 0σ , 45σ , 90σ ) and r values ( 0r , 45r , 
90r ) in uniaxial tension (where 0, 45 and 90 correspond to uniaxial tension along rolling, 
45° from rolling and transverse directions, respectively) as well as the flow stress ( bσ ) 
and strain rate ratio ( b yy xxr ε ε= ɺ ɺ ) in balanced biaxial stress tension (where x and y refer 
to the rolling and transverse directions, respectively). Yld2000-2d is similar to Yld96 in 
its capability to describe anisotropy but it is more convenient to use for finite element 
applications. This potential was used for springback analysis (Chung et al., 2005; Lee et 
al., 2005a; Lee et al., 2005b) and forming limit calculation (Kim et al., 2003a) for 
automotive sheet samples as well as for the forming analysis of aluminum alloy sheets 
(Yoon et al., 2004). The strain rate potential Srp2003-2d, which is the pseudo-conjugate 
of Yld2000-2d, was proposed by Kim et al. (2003b) subsequently. 
 
The formulation based on two linear transformations of the stress deviator Yld2000-2d 
was extended to the general (3-D) stress state with the stress potential Yld2004-18p 
(Barlat et al., 2005). Because Yld2004-18p contains 18 anisotropy coefficients, it can 
account for the flow stresses and r values in tension at every 15 degrees from the rolling 
direction for sheet forming applications. As a result, Yld2004-18p can lead to the 
predictions of six or eight ears in finite element simulations of the cup drawing process, 
as observed for some aluminum alloy sheets (Yoon et al., 2006). 
 
In this paper, strain rate potentials based on two linear transformations of the plastic 
strain rate tensor are proposed for the general (3-D) strain rate state, which will be 
shown to be pseudo-conjugate of Yld2004-18p. These strain rate potential formulations, 
Srp2004-18p and Srp2006-18p, are introduced in Sections 2 and 3, respectively, along 
with the procedure used to calculate the first derivatives. The objective function, which 
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is minimized in order to determine the anisotropy coefficients, is discussed in Section 4. 
Applications of these strain rate potentials to the modeling of plastic anisotropy for 
aluminum alloy and dual phase steel sheet samples are presented in Section 5. 
 
2. STRAIN-RATE POTENTIALS: SRP2004-18P AND SRP2006-18P 
 
The full 3-D anisotropic plastic strain rate potential ψ , denoted Srp2004-18p (Barlat 
and Chung, 2005), was formulated based on the following column matrix with six 
arguments 1 2 3 1 2 3, , , , ,
T
E E E E E E ′ ′ ′ ′′ ′′ ′′=  E ɶ ɶ ɶ ɶ ɶ ɶ ; i.e.,  
 
1 2 3
2
2 3 3 1 1 2
( ) ( , ) ( , )
(2 2)
b b b
i j
b b b b b
E E E E E
E E E E E E
ψ ψ ψ ψ
ε−
′ ′′ ′ ′′ ′ ′ ′= = = = + +
′′ ′′ ′′ ′′ ′′ ′′+ + + + + + = +
E E Eɶ ɶ ɶ ɶ ɶ ɶ ɶ
ɶ ɶ ɶ ɶ ɶ ɶ ɺ
 (3) 
 
Alternatively, a similar potential called Srp2006-18p is introduced in this work as 
 
1 2 3 1 2 3
2
( ) ( , ) ( , )
(2 2)
b b b b b b
i j
b b
E E E E E E E Eψ ψ ψ ψ
ε−
′ ′′ ′ ′′ ′ ′ ′ ′′ ′′ ′′= = = = + + + + +
= +
E E Eɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ
ɺ
 (4) 
 
All the equations of this section are equally applicable to both potentials. Here, εɺ  is 
the effective plastic strain rate, which is the conjugate of the effective stress σ  under 
the plastic work rate equivalence principle: ij ijsσ ε ε=ɺ ɺ  for isotropic hardening
††
. Also, 
iE′ɶ  and iE′′ɶ  are the principal values of tensors ′εɶɺ  and ′′εɶɺ , which are defined by two 
linear transformations on the traceless plastic strain rate tensor eɺ  for incompressible 
plasticity 
 
′ ′ ′= =
′′ ′′ ′′= =
ε B e B Tε
ε B e B Tε
ɶ ɺɺ ɺ
ɶ ɺɺ ɺ
  (5) 
 
In Eq. (5), both ′B  and ′′B  contain anisotropic coefficients as represented by 
 
                                            
††
 The proposed plastic strain rate potentials (and its effective plastic strain rates) are 
also valid for the isotropic-kinematic hardening model, based on the modified and 
general plastic work equivalence principle (Chung et al., 2005).  
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12 13
21 23
31 32
44
55
66
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
b b
b b
b b
b
b
b
− − 
 
− − 
 − −
=  
 
 
   
B  (6) 
 
for orthotropic symmetry. In Eq. (5), =e Tεɺ ɺ  is another expression of the traceless 
plastic strain rate tensor, necessary to ensure that the strain rate potential is a cylinder 
through the transformation represented by T  
 
2 1 1 0 0 0
1 2 1 0 0 0
1 1 2 0 0 01
0 0 0 3 0 03
0 0 0 0 3 0
0 0 0 0 0 3
− − 
 
− − 
 − −
=  
 
 
 
 
T   (7) 
 
The εɺ -like tensors are written here as 6-component vectors; e.g., 
T
xyzxyzzzyyxx ][ εεεεεε ɺɺɺɺɺɺɺ =ε , with components in the frame of material 
symmetry.  
 
Note that the potentials are isotropic when the 18 anisotropic coefficients become 
identical, typically one. Even though two potentials defined in Eqs. (3) and (4) look 
similar, they differ each other except for isotropic cases so that one may perform better 
depending on sample materials. Also, note that 
3
1
0ii
i
ψ ε
=
∂ ∂ =∑ ɺ  so that Eq. (2) is valid 
for these potentials. The value of the exponent b in Eqs. (3) and (4) is associated with 
the crystal structure. On the basis of micromechanical computations, 3/ 2  and 4 / 3  
are recommended for BCC and FCC cases, respectively (Barlat and Chung, 1993), 
although this parameter can also be optimized in the set of material parameters during 
the identification process. Also, note that the strain rate potentials are scaled in Eqs. (3) 
and (4) considering that the reference state is uniaxial tension.  
 
Expressed in the material embedded coordinate system (x, y, z), typically the rolling, 
transverse and thickness directions for sheets, respectively, the tensor εɶɺ  ( ′εɶɺ  or ′′εɶɺ ) is 
represented by  
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xx xy zx
xy yy yz
zx yz zz
ε ε ε
ε ε ε
ε ε ε
 
 
=  
  
ε
ɶ ɶ ɶɺ ɺ ɺ
ɶ ɶ ɶɶ ɺ ɺ ɺɺ
ɶ ɶ ɶɺ ɺ ɺ
  (8) 
 
and its principal values are the roots of the characteristics equation,  
 
3 2
1 2 3( ) 3 3 2 0k k k kP E E H E H E H= − + + + =ɶ ɶ ɶ ɶ  (9) 
 
where H1, H2 and H3 stand for the associated 1st, 2nd and 3rd principal invariants of εɶɺ  
 
( )
( )
( )
1
2 2 2
2
2 2 2
3
(a) 3
(b) 3
(c) 2 2
xx yy zz
yz zx xy yy zz zz xx xx yy
yz zx xy xx yy zz xx yz yy zx zz xy
H
H
H
ε ε ε
ε ε ε ε ε ε ε ε ε
ε ε ε ε ε ε ε ε ε ε ε ε
= + +
= + + − − −
= + − − −
ɶ ɶ ɶɺ ɺ ɺ
ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ
ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ
  (10) 
 
Using the change of variables,  
 
1k kE E H= +ɶ   (11) 
 
the characteristic equation, Eq. (9), becomes  
 
3( ) ( ) 3 2 0k k k kP E P E E pE q= = − + + =ɶ  (12) 
 
where 
( )
( )
2
1 2
3
1 1 2 3
3 2
(a) 0
(b) 2 3 2 2
(c) arccos
p H H
q H H H H
q
p
θ
= + >
= + +
 
=   
   (13) 
 
The sign of p is obtained by the direct combination of the relationships in Eqs. (10)a 
and (10)b. Now, Cardan’s solutions of Eq. (12) are  
 
1 3 1 3
1
1 3 1 3
2
1 3 1 3
3
(a)
(b)
(c)
E z z
E z z
E z z
ω ω
ω ω
= +
= +
= +
  (14) 
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In Eq. (14), the complex number z is defined as 
 
3 2z q i p q= + −   (15) 
 
with the principal argument θ  such that 0 θ pi≤ ≤  and 3 2 0− ≥p q , while ω  is a 
complex constant ( 2 3ie pi− ), and z  and ω  are the respective conjugate quantities of z 
and ω.  
 
The principal values of εɶɺ , which are real since 3 2 0− ≥p q , are 
 
2
1 1 1 1 2 1
2
2 2 1 1 2 1
2
3 3 1 1 2 1
(a) 2 cos
3
4(b) 2 cos
3
2(c) 2 cos
3
E E H H H H
E E H H H H
E E H H H H
θ
θ pi
θ pi
 
= + = + +  
+ 
= + = + +  
+ 
= + = + +  
ɶ
ɶ
ɶ
  (16) 
 
These values are ordered  
 
1 2 3 1 2 3orE E E E E E> ≥ ≥ >ɶ ɶ ɶ    (17) 
 
as shown in Fig. 1, because the argument of 1 3z  is less than or equal to 3pi . 
 
The strain rate potentials ψ  are proven to be convex (Rockafellar, 1970) in the space 
of the principal transformed strain rates pE′ɶ  and pE′′ɶ . The tensor transformations, 
represented by the orthogonal matrix ijq =  q , between the strain rate expressed in the 
principal and non-principal reference frames, lead to  
 
(a)
(b)
′ ′ ′= =
′′ ′′ ′′= =
E Q QB T
E Q QB T
ɶɶ ɺ ɺ
ɶɶ ɺ ɺ
ε ε
ε ε
  (18) 
 
where  
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2 2 2
1 11 21 31 21 31 31 11 11 21
2 2 2
2 12 22 32 22 32 32 12 12 22
2 2 2
3 13 23 33 23 33 33 13 13 23
2 2 2
2 2 2
2 2 2
 
 
       
= = =            
 
  
E Qε
ɶɺ
ɶɺɶ
ɶɺ ɶɶ ɶ ɺɶɺɶ
ɶɺ
ɶɺ
xx
yy
zz
yz
zx
xy
E q q q q q q q q q
E q q q q q q q q q
E q q q q q q q q q
ε
ε
ε
ε
ε
ε
  (19) 
 
for both transformations (prime and double prime). Note that Q  is a 3 by 6 matrix. 
Combining these equations leads to 
 
or
′ ′  
= = =   
′′′′   
QB TEE ε E Θ εQB TE
ɶ
ɺ ɺɶ  (20) 
 
Even if Θ  has no inverse, the above equation shows a linear relationship between the 
component of εɺ  and the arguments of the strain rate potentials represented by E . 
Because a linear transformation on the arguments of a function preserves the convexity, 
this shows that ψ  are convex functions with respect to the components of the strain 
rate tensor εɺ .  
 
 
3pi
2 3pi
1 3zω
1 3zω
3θ
1 3z
3 / 2E 2 / 2E 1 / 2E
2 3pi
 
 
Fig. 1: Three real principal values of a strain rate tensor.  
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3. STRAIN RATE POTENTIAL FIRST DERIVATIVES  
 
3.1. General case  
 
The associated normality flow rule shown in Eq. (2) is used to obtain the stress deviator, 
in which 
 
p q p qrs rs
ij p q ij p q ijrs rs
E H E H
E H E H
ε εψ ψ ψ
ε ε εε ε
′ ′ ′′ ′′∂ ∂ ∂ ∂′ ′′∂ ∂∂ ∂ ∂
= +
′ ′ ′′ ′′′ ′′∂ ∂ ∂ ∂ ∂ ∂ ∂∂ ∂
ɶ ɶɶ ɶɺ ɺ
ɶ ɶ ɶ ɶɺ ɺ ɺɺ ɺ
  (21) 
 
For Srp2004-18p shown in Eq. (3), the expressions for 
,p pEψ ψ∂ ∂ =ɶ  are  
 
( ) ( )
( ) ( )
2
,
2 2
,1 1 2 1 2 3 1 3 1
1
2 2
,2 2 3 2 3 1 2 1 2
2
,3
3
(a)
(b)
(c)
(d)
b
p p p
p
b b
b b
bE E
E
b E E E E E E E E
E
b E E E E E E E E
E
b
E
ψψ
ψψ
ψψ
ψψ
−
− −
− −
∂
′ ′ ′= =
′∂
∂  
′′ ′′ ′′ ′′ ′′ ′′ ′′ ′′ ′′= = + + + + +  ′′∂
∂  
′′ ′′ ′′ ′′ ′′ ′′ ′′ ′′ ′′= = + + + + +  ′′∂
∂
′′ = =
′′∂
ɶ ɶ
ɶ
ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ
ɶ
ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ
ɶ
ɶ
ɶ ( ) ( )2 23 1 3 1 2 3 2 3b bE E E E E E E E− − ′′ ′′ ′′ ′′ ′′ ′′ ′′ ′′+ + + + +  ɶ ɶ ɶ ɶ ɶ ɶ ɶ
 (22) 
 
while for Srp2006-18p shown in Eq. (4), they are 
 
2
,
2
,
(a)
(b)
b
p p p
p
b
p p p
p
bE E
E
bE E
E
ψψ
ψψ
−
−
∂
′ ′ ′= =
′∂
∂
′′ ′′ ′′= =
′′∂
ɶ ɶ
ɶ
ɶ ɶ
ɶ
 (23) 
 
The remaining equations of this section are equally applicable to both potentials. In 
order to obtain 
,p q p qE H E∂ ∂ =ɶ ɶ , it is convenient to differentiate Eq. (9), which leads to  
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( )
2
2
1 1 2
2
2 1 2
2
3 1 2
(a)
2
(b)
2
2(c)
3 2
p p
p p
p p
p p
p
p p
E E
H E H E H
E E
H E H E H
E
H E H E H
∂
=
∂ − −
∂
=
∂ − −
∂
=
∂
− −
ɶ ɶ
ɶ ɶ
ɶ ɶ
ɶ ɶ
ɶ
ɶ ɶ
 (24) 
 
Expressions for 
,q q rsrs
H H∂ ∂ =ɶɺε  are straightforward from Eq. (10) 
 
( ) ( ) ( )
1 1 1 1
2 2 2
2 2 2
3
(a) 1 3 and 0 if
(b) 3, 3, 3
(c) 2 3, 2 3, 2 3
(d)
∂ ∂ ∂ ∂
= = = = ≠
∂ ∂ ∂ ∂
∂ ∂ ∂
= − + = − + = − +
∂ ∂ ∂
∂ ∂ ∂
= = =
∂ ∂ ∂
∂
=
∂
ɶ ɶ ɶ ɶɺ ɺ ɺ ɺ
ɶ ɶ ɶ ɶ ɶ ɶɺ ɺ ɺ ɺ ɺ ɺɶ ɶ ɶɺ ɺ ɺ
ɶ ɶ ɶɺ ɺ ɺɶ ɶ ɶɺ ɺ ɺ
ɶɺɶɺ
xx yy zz rs
yy zz zz xx xx yy
xx yy zz
yz zx xy
yz zx xy
xx
H H H H
r s
H H H
H H H
H
ε ε ε ε
ε ε ε ε ε ε
ε ε ε
ε ε ε
ε ε ε
ε
ε
( ) ( ) ( )2 2 23 3
3 3 3
2, 2, 2
(e) , ,
∂ ∂
− = − = −
∂ ∂
∂ ∂ ∂
= − = − = −
∂ ∂ ∂
ɶ ɶ ɶ ɶ ɶ ɶ ɶɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺɶ ɶɺ ɺ
ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶ ɶɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺ ɺɶ ɶ ɶɺ ɺ ɺ
yy zz yz zz xx zx xx yy xy
yy zz
zx xy xx yz xy yz yy zx yz zx zz xy
yz zx xy
H H
H H H
ε ε ε ε ε ε ε ε
ε ε
ε ε ε ε ε ε ε ε ε ε ε ε
ε ε ε
 (25) 
 
Finally, rs ijε ε∂ ∂ɶɺ ɺ  is simply given from Eq. (5) by  
 
rs
rslm lmij
ij
B T∂ =
∂
ɶɺ
ɺ
ε
ε
 (26) 
 
3.2. Singular cases  
 
The derivatives q qE H∂ ∂ɶ  are not defined in Eq. (24) as singular cases when  
 
2
1 22 0p pE H E H− − =ɶ ɶ  (27) 
 
Solving this quadratic equation leads to  
 
2
1 1 2pE H H H= ± +ɶ   (28) 
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Comparing Eq. (28) with the general solution in Eq. (16) shows that singularities occur 
for the following two cases,  
 
2
2 3 1 1 2
2
2 1 1 1 2
(a) 0, ( )
(b) , ( )
E E H H H
E E H H H
ɶ ɶ
ɶ ɶ
θ
θ pi
= = = − +
= = = + +
 (29) 
 
It is possible however to show that for Case a ( 2 30, E Eθ = =ɶ ɶ ) 
 
1
1
1 2 2
3 p
p p
E
H E E H E
  ∂∂ ∂ ∂ ∂
= − + ∂ ∂ ∂ ∂ ∂ 
ɶ
ɶ ɶ ɶ
ψ ψ ψ ψ δ     (30) 
 
where 1 pE H∂ ∂ɶ  obtained as limit values for this singular case are 
 
( )21 11 1 1
1 2 3
2 2 2
, ,
3 3 9
p H p HE E E
H p H p H p
+ +∂ ∂ ∂
= = =
∂ ∂ ∂
ɶ ɶ ɶ
 (31) 
 
Note here that p does not vanish because when 0p = , all principal values also vanish 
as indicated by Eq. (13)a. Similarly, for Case b ( 2 1, E Eθ pi= =ɶ ɶ ) 
 
3
1
3 2 2
3 p
p p
E
H E E H E
  ∂∂ ∂ ∂ ∂
= − + ∂ ∂ ∂ ∂ ∂ 
ɶ
ɶ ɶ ɶ
ψ ψ ψ ψ δ  (32) 
 
where 3 pE H∂ ∂ɶ  obtained as limit values for this singular case are  
 
( )21 13 3 3
1 2 3
2 2 2
, ,
3 3 9
p H p HE E E
H p H p H p
− +
− +∂ ∂ ∂
= = =
∂ ∂ ∂
ɶ ɶ ɶ
  (33) 
 
4. OBJECTIVE FUNCTION  
 
Eighteen anisotropic coefficients defined in Eq. (6) can be obtained from at least 
eighteen experimental measurements, which are usually obtained under monotonously 
proportional loading conditions. Whether the number of experimental data is equal to or 
more than 18, it is necessary to apply the least square method based on an objective 
function to determine the coefficients. While the algorithm to determine coefficients can 
be general for 3-D deformation, higher weights are given to the sheet in-plane data in 
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the particular case of sheet forming applications. Also, while a variety of measurements 
can be considered, the combination of in-plane uniaxial tensile strength and r values 
along various directions, as well as the strength ( )= =b xx yyσ σ σ  and strain rate ratio 
( )= ɺ
ɺ
yy
b
xx
r
ε
ε
 under the balanced biaxial stress condition are considered here. Out-of-plane 
property data such as pure shear or uniaxial tension at 45° from symmetry axes were 
assumed to be isotropic in this work in order to calculate the out-of-plane anisotropy 
coefficients. However, more generally, any other convenient deformation states could be 
considered for the out-of plane properties. Moreover, properties computed with a crystal 
plasticity model could be used for the identification of the coefficients as well. When all 
the input data are selected, the coefficients are obtained by minimizing the following 
objective function in this work 
 
2 2
11 33 22 3311
1 2
22
1 2
2
( , )
m m m mm
ij ij m m
m
xx yyxx zz b
r r
n n
ij ij
n
n
F b b w w
w w
w
   ∂ ∂ − ∂ ∂ ∂ ∂ − ∂ ∂
′ ′′ = − +      
 ∂ ∂ − ∂ ∂ ∂ ∂ − ∂ ∂
+ − +        
 ∂ ∂
+ −   
∑
∑
µ ψ ε µ ψ ε µ ψ ε µ ψ εσ
σ σ σ
µ ψ ε µ ψ εµ ψ ε µ ψ ε σ
σ σ σ
µ ψ ε τ
σ σ
(34) 
 
Here m represents the number of uniaxial flow stresses and r values available. The first 
term under the first summation sign corresponds to the (arbitrary) longitudinal uniaxial 
tensile stress (direction 1) when the imposed strain rate state is calculated with the 
associated r value. The second term under the first summation sign corresponds to the 
(vanishing) stress transverse (direction 2) to the previously calculated longitudinal 
direction. The third and fourth terms correspond to balanced biaxial stress conditions 
when the imposed strain rate state is calculated with the associated br  value. Finally, n 
represents the number of experimental pure shear flow stresses available (from out of 
plane properties in this work). Each term in the objective function is multiplied by a 
weight w. In the objective function, Eq. (34), the first, third and fifth terms are 
minimized to ensure that the sizes of the stress deviator s (experimental) and *s  
(calculated) are the same as shown in Fig. 2. The second and fourth terms are 
minimized to guarantee that s and *s  are in the same directions. Since the strain rate 
potential provides the stress deviator, the corresponding stress tensor is obtained with 
the plane stress boundary condition, e.g., for the uni-axial tension (direction 1), 
 
11 11 33
11 33
s s
ψ ψ
σ µ µ
ε ε
∂ ∂
= − = −
∂ ∂ɺ ɺ
      (35) 
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The weight can be used to differentiate longitudinal, transverse or other stresses. 
However, in this work, these weights are identical for sheet in-plane properties. 
Moreover, because some of the input data are not known but approximated under the 
isotropic assumption, the weights corresponding to these input data are made lower than 
the weight of experimental data, which are more reliable. Typically, in this work, 
weights for the in-plane and out-of-plane properties were of the order of 1.00 and 0.01, 
respectively.  
 
In Eq. (34), the potential is defined with respect to the strain components instead of the 
strain rate components since the potential can be redefined simply by replacing the 
strain rate with true (or logarithmic) strain when deformation is monotonously 
proportional (Chung and Richmond, 1993). 
 
Experimental strain
rate (direction imposed
by r value in tension)
s Experimentalstress deviator
*s
Stress deviator
(predicted with
current coefficients)
Strain rate potential
(predicted with current
coefficients)
ɺε
 
 
Fig. 2: A schematic view of the stress deviator on the strain rate potential.  
 
 
 
5. APPLICATIONS 
 
5.1. Application of Srp2004-18p 
 
The proposed strain rate potential Srp2004-18p, Eq. (3), was applied for a binary 
aluminum alloy Al-5%Mg (FCC) and dual phase steel DP600 (BCC) sheet samples. For 
the input in Eq. (34), 16 in-plane data were taken into account; i.e., uniaxial stresses and 
r values every 015 , as well as the stress ( bσ ) and strain rate ratio ( b yy xxr ε ε= ɺ ɺ ) in 
balanced biaxial stress tension. In addition, 4 out-of-plane data, i.e., two pure shear 
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stresses, xzσ , yzσ  and two tensile stress at 45° from the material symmetry axes under 
the approximate isotropic condition for out-of-plane properties were utilized. These data 
are listed in Tables 1 and 3 for the binary aluminum alloy Al-5%Mg and DP600 dual 
phase steel samples, respectively.  
 
The minimization was performed using the steepest descent method. This, however, is 
not a robust method for the minimization of such an objective function. Nevertheless, 
the coefficients were obtained after about 54 10×  iterations, which took a few minutes 
computing time. The resulting anisotropic coefficients are summarized in Tables 2 and 4 
for these respective materials. The recalculated input data obtained using the resulting 
anisotropic coefficients are also listed in Tables 1 and 3 for Al-5%Mg and DP600, 
respectively. The error between the experimental ( expP ) and the Srp2004-18p 
recalculated ( SrpP ) values can be quantified as 
 
 exp Srp
exp
( 100%)P P
P
−
= ×δ  (36) 
where expP  is the average value of the considered property. The maximum errors, maxδ , 
for the flow stress and the r value are reported as footnotes in Tables 1 and 3 for Al-
5%Mg and DP600 samples, respectively, which confirm that the coefficients properly 
reproduce the input data. 
 
For the Al-5%Mg sheet sample, the anisotropic tensile properties given by the strain rate 
potential are shown in Figs. 3 and 4, and compared with properties predicted using the 
stress potential Yld2004-18p and experimental data. Figs. 3 and 4 show that the 
anisotropy of the tensile properties is well captured by Srp2004-18p. The anisotropic 
behaviors of the normalized uniaxial flow stress and r value as predicted with Srp2004-
18p and Yld2004-18p are not strictly identical but very close to each other, suggesting 
that these potentials are pseudo-dual of each other. Fig. 5 represents the tri-component 
strain rate potential contours predicted with Srp2004-18p for constant normalized shear 
strain rates in steps of 0.05. In the same manner, the tri-component yield stress potential 
contours predicted with Yld2004-18p and Srp2004-18p for constant normalized shear 
stress in steps of 0.05 (based on the plastic work equivalence principle) are compared to 
each other in Fig. 6. Although not exactly identical, the general shapes of these yield 
surfaces are similar. Therefore, both shapes are likely to lead to similar plastic behaviors. 
Note that the yield stress potential contour at zero shear stress (yield locus) is also 
compared with experimental yield surface data (see Yoon et al., 2006) and results 
predicted with the Taylor-Bishop and Hill (TBH) crystal plasticity model in Fig. 7. The 
agreement between the experimental and TBH-predicted data with both Yld2004-18p 
and Srp2004-18p is excellent, thus validating the models.  
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TABLE 1 
Al-5%Mg input data for the calculation of Srp2004-18p coefficients, corresponding 
weight for objective function and predicted values with Srp2004-18p after error 
minimization. Flow stresses are normalized by σ0.  τ is the pure shear yield stress. 
Srp2004-18p exponent 1.33b =  (FCC material) 
  Input Weight Prediction1  Input weight Prediction2 
In-plane 
xy 
0σ  1.000 1.00 1.0068 0r  0.26 0.75 0.258 
15σ  1.023 1.00 1.0119 15r  0.35 0.75 0.354 
30σ  1.023 1.00 1.0217 30r  0.52 0.75 0.514 
45σ  1.023 1.00 1.0374 45r  0.58 0.75 0.599 
60σ  1.069 1.00 1.0568 60r  0.55 0.75 0.524 
75σ  1.069 1.00 1.0695 75r  0.35 0.75 0.363 
90σ  1.069 1.00 1.0722 90r  0.29 0.75 0.287 
bσ  0.950 1.00 0.9493 br  0.77 0.75 0.770 
Out-of-
plane 
yz 
45( )yzσ  1.0000 
0.01 
1.0268 ( )yzτ  0.5450 
0.01 
0.5450 
Out-of-
plane 
zx 
45( )zxσ  1.0000 
0.01 
1.0362 ( )zxτ  0.5450 
0.01 
0.5450 
1Maximum error 1.4%δ =  (out-of-plane data excluded) 
2Maximum error 5.7%δ =  (out-of-plane data excluded) 
 
 
TABLE 2 
Coefficients for Al-5%Mg sheet (exponent b=1.33) 
Potential Srp2004-18p, 4x105 iterations 
12b′  0.126486 12b′′  1.230271 
13b′  0.055184 13b′′  1.179809 
21b′  1.581121 21b′′  1.260789 
23b′  1.518793 23b′′  0.735545 
31b′  0.940940 31b′′  1.291440 
32b′  0.984856 32b′′  0.683715 
44b′  1.005105 44b′′  1.005105 
55b′  1.005105 55b′′  1.005105 
66b′  0.836731 66b′′  1.315825 
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TABLE 3 
DP600 input data for the calculation of Srp2004-18p coefficients, corresponding weight 
for objective function and predicted values with Srp2004-18p after error minimization. 
Flow stresses are normalized by σ0.  τ is the pure shear yield stress. Srp2004-18p 
exponent 3 2b =  (BCC material) 
  Input weight Prediction1  Input weight Prediction2 
In-plane 
0σ  1.000 1.00 0.9895 0r  0.86 0.75 0.857 
15σ  0.977 1.00 0.9922 15r  0.87 0.75 0.857 
30σ  1.000 1.00 1.0044 30r  1.01 0.75 0.996 
45σ  1.031 1.00 1.0097 45r  1.15 0.75 1.158 
60σ  0.987 1.00 1.0020 60r  1.20 0.75 1.191 
75σ  0.987 1.00 0.9921 75r  1.10 0.75 1.088 
90σ  0.997 1.00 0.9902 90r  1.04 0.75 1.039 
bσ  0.961 1.00 0.9594 br  1.00 0.75 0.999 
Out-of-
plane yz 45( )yz
σ  1.000 0.01 1.0216 ( )yzτ  0.577 
0.01 0. 5770 
Out-of-
plane zx 45( )zx
σ  1.000 0.01 1.0038 ( )zxτ  0.577 
0.01 0. 5770 
1Maximum error 2.1%δ =  (out-of-plane data excluded) 
2Maximum error 1.4%δ =  (out-of-plane data excluded) 
 
 
 
TABLE 4 
Coefficients for DP600 sheet (exponent 1.5b = ) 
Potential Srp2004-18p, 4x105 iterations 
12b′  1.671128 12b′′  0.886957 
13b′  0.846769 13b′′  1.291898 
21b′  0.616292 21b′′  0.232192 
23b′  1.123290 23b′′  0.338996 
31b′  0.525364 31b′′  1.057627 
32b′  1.102594 32b′′  0.819647 
44b′  1.038388 44b′′  1.038388 
55b′  1.038388 55b′′  1.038388 
66b′  1.427181 66b′′  0.454358 
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Fig. 3: Anisotropy of normalized uniaxial flow stress for Al-5%Mg sheet sample. 
Normalization with respect to RD tensile stress 
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Fig. 4: Anisotropy of r value for Al-5%Mg sheet sample. 
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Fig. 5: Tri-component strain-rate potential predicted with Srp2004-18p for Al-5%Mg 
sheet sample. 
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Fig. 6: Tri-component yield surface predicted with Srp2004-18p and Yld2004-18p for 
Al-5%Mg sheet sample. 
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Fig. 7: Yield loci predicted with Srp2004-18p and compared with experimental and 
crystal plasticity (TBH) predicted data for Al-5%Mg sheet sample. 
 
 
 
 
 
In Fig. 8, the anisotropy of uniaxial tension properties for the dual phase steel DP600 
shows the ability of the developed strain rate potential to accurately describe the plastic 
behavior of a BCC material as well. Figs. 9 and 10 represents the corresponding tri-
component strain rate and stress potential contours, respectively, predicted with 
Srp2004-18p, for constant normalized shear strain rate and stress in steps of 0.05. 
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Fig. 8: Anisotropy of tensile properties value predicted with Srp2004-18p for dual phase 
steel DP600 sheet sample. 
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Fig. 9: Tri-component strain-rate potential predicted with Srp2004-18p for dual phase 
steel DP600 sheet sample. 
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Fig. 10: Tri-component yield surface predicted with Srp2004-18p for dual phase steel 
DP600 sheet sample. 
 
 
 
 
5.2. Application of Srp2006-18p 
 
In a similar manner, the coefficients for Srp2006-18p in Eq. (4), were computed and 
their values are reported in Table 5 and 6 for Al-5%Mg and DP600 steel sheet samples, 
respectively. For Al-5%Mg, it was found that that the calculated tensile properties as 
well as the tri-component yield surface were strictly identical to those computed with 
Srp2004-18p. For DP600, the calculated tensile properties were very close to those 
obtained with Srp2004-18p. The tri-component yield surfaces for both potentials were 
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similar but not identical (compare Figs. 10 and 11). More work is needed to understand 
these small differences and to study and improve the anisotropy coefficient 
identification methods. 
 
 
 
TABLE 5 
Coefficients for Al-5%Mg sheet (exponent b=1.33) 
Potential Srp2006-18p, 4x105 iterations 
12b′  1.837121 12b′′  0.169677 
13b′  1.765692 13b′′  0.174579 
21b′  0.587230 21b′′  1.604140 
23b′  0.643928 23b′′  1.566223 
31b′  0.807559 31b′′  0.807650 
32b′  0.858777 32b′′  0.858874 
44b′  1.005105 44b′′  1.005105 
55b′  1.005105 55b′′  1.005105 
66b′  1.289524 66b′′  0.863575 
 
 
 
TABLE 6 
Coefficients for DP600 sheet (exponent 1.5b = ) 
Potential Srp2006-18p, 4x105 iterations 
12b′  0.907887 12b′′  0.909685 
13b′  0.757080 13b′′  0.760076 
21b′  0.927827 21b′′  0.924590 
23b′  0.897922 23b′′  0.895522 
31b′  1.506506 31b′′  0.773152 
32b′  0.858450 32b′′  1.256440 
44b′  1.038388 44b′′  1.038388 
55b′  1.038388 55b′′  1.038388 
66b′  0.995579 66b′′  0.996815 
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Fig. 11: Tri-component yield surface predicted with Srp2006-18p for dual phase steel 
DP600 sheet sample. 
 
 
 
6. SUMMARY 
 
Anisotropic plastic strain-rate potentials were proposed for the description of plastic 
anisotropy in cubic materials. These potentials are valid for any 3-D strain rate state and 
their convexities were proven. It was shown that these potentials can reproduce the 
anisotropic plastic behavior of an aluminum alloy Al-5%Mg and DP600 dual phase 
steel sheet samples very well. These potentials can be very useful for finite element 
analysis and design codes, in particular those based on rigid plasticity, or for the 
approximation of crystal plasticity results.  
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